Abstract. Let R be a commutative ring with 1. We prove that every homogeneous polynomial f (x0, x1, x2) in R[x0, x1, x2] up to degree 5 admits a linear Pfaffian R-representation. We believe that conceptually we give the shortest self-contained proof possible: we exhibit explicitly such a representation. In this sense, we generalize (up to degree 5) a result due to A. Beauville [Bea] about the existence of Pfaffian representations for any smooth plane curve of any degree.
Introduction
This note can be considered as a derivation of [LO] , in collaboration with J. Lauret, where we explore nonsingular 2-step nilpotent Lie algebras n = n 1 ⊕ [n, n] over R in several directions, among them we consider the problem of existence and non-existence of canonical inner products (Einstein nilsolitons) for such algebras of type (p, q) = (3, 8), i.e. dim[n, n] = p and dim n 1 = q. In loc. cit., we exhibit explicit continuous families of pairwise non-isomorphic nonsingular algebras.
To determine if two given 2-step nilpotent Lie algebras are isomorphic or not is a hard problem. For that, we associate to each real 2-step nilpotent Lie algebra of type (p, q) = (3, 8) its Paffian form (homogeneous polynomial in R[x, y, z] of degree 4) which has been a very useful tool to distinguish these algebras up to isomorphism.
A question that arises naturally in this context is the following. Inversely, for a given homogeneous polynomial f in R[x, y, z] of degree 4, to find, if it exists, a 2-step nilpotent Lie algebra over R of type (3, 8) such that its Pfaffian form is f (x, y, z) .
Indeed, this is a theoretical-Lie algebra version of a classical problem:
( * ) Let R be a commutative ring with 1. For a given homogeneous polynomial f (x 0 , . . . ,
Let us recall that a linear Pfaffian R-representation of a homogeneous polynomial
2 where the entries m i j are linear forms in R[x 0 , . . . , x n ] (see Section 2 for more precise definitions).
In the case n = 2, Beauville showed, among others, that ( * ) has solution for any smooth plane curve in K[x, y, z] This research was partially supported by grants from CONICET, FonCyT (Argentina) and SeCyT (Universidad Nacional de Córdoba).
In the case n = 3, Beauville showed that every smooth cubic surface admits a linear Pfaffian representation [Bea, Proposition 7.6(a) ]. Then in [FM] is proved that every cubic surface admits such a linear Pfaffian representation.
The fact that a general surface of degree d admits a linear Pfaffian representation if and only if d ≤ 15 had been proved by Beauville-Schreyer [Bea, Proposition 7.6(b) ]. When the degree d = 4 in [CKM] the previous result is generalized: every smooth quartic surface admits a linear Pfaffian representation. Faenzi [F] proved that a general surface of degree d admits a almost quadratic Pfaffian representation if and only if d ≤ 15. In [CF] the Pfaffian representations with entries almost linear of general surfaces are considered.
The author was motivated by the scarcity of explicit Pfaffian representations in the literature. Independently, Tanturri and Han were interested on the explicit construction of linear Pfaffian representations for cubic surfaces. In [T] an algorithm is provided whose inputs are a cubic surface f (x, y, z, t) in K[x, y, z, t] and a zero a in P 3 K and whose output is a linear Pfaffian K-representation of f , under assumptions on f and a, and where K is a field of characteristic zero, not necessarily algebraically closed. In [H] first one chooses an inscribed pentahedron and, then one needs to find the unique Pfaffian bundle related to that pentahedron.
We focus on the case n = 2 and degrees d = 2, 3, 4, and 5. Our main result is the following.
Theorem 1.1. Let R be a commutative ring with 1.
Section 2 is devoted to define precisely the Pfaffian of a skew-symmetric matrix and a linear Pfaffian representation, and for completeness we solve the problem ( * ) for degrees d ≤ 3 (Example 2.2). Finally, in Section 3 we give explicit linear Pfaffian representations for arbitrary forms of degree 4 and 5.
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Pfaffian and linear Pfaffian representations
There are several equivalent definitions of the Pfaffian of a skew-symmetric matrix. In our computations with Maple™, we have used a Laplace-type expansion. For other definitions of Pfaffian and its properties, we refer the reader to [DW] , [FP, Appendix D] . For a history of the Pfaffians we recommend [K] . 
where A [1, j] is the (2d − 2) × (2d − 2)-matrix obtained from A by deleting both the (1, j)-th rows and (1, j)-th columns.
be the 4 × 4 skew-symmetric matrix, respectively the 6 × 6 skew-symmetric matrix, where
Applying Definition 2.1, we obtain 
For degrees d ≤ 4, we get a nice global representation. We also find a global representation for degree 5 (eqns. (4) and (5)), but it is not nice. We do not know if such a nice global representation always exists.
Proof of Theorem 1.1. We must prove that for any x, y, z) .
be the 8 × 8 skew-symmetric matrix, where 
Using Definition 2.1, by a straightforward computation, one gets that Pf(M f ) = f (x, y, z). It remains to find some linear Pfaffian R-representation of g (x, y, z) . Let M g = ã i j + y b i j + z c i j be the 10 × 10 skew-symmetric matrix, where Similarly, we get that Pf(M g ) = g (x, y, z) , which finishes the proof of the theorem.
